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Abstract For any positive integer n, the famous F.Smarandache LCM function SL(n) is 
defined as the smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, ---, kl] 
denotes the least common multiple of 1, 2, ---, &. The main purpose of this paper is using 
the elementary methods to study the mean value properties of In SL(n), and give a sharper 


asymptotic formula for it. 
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§1. Introduction and Results 


For any positive integer n, the famous F.Smarandache LCM function SL(n) is defined as 
the smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, --- , k] denotes the 
least common multiple of 1, 2, ---, k. For example, the first few values of SL(n) are SL(1) = 1, 
SL(2) = 2, SL(3) = 3, SL(4) = 4, SL(5) = 5, SL(6) = 3, SL(7) = 7, SL(8) = 8, SL(9) = 9, 
SL(10) = 5, SL(11) = 11, SL(12) = 4, SL(13) = 13, SL(14) = 7, SL(15) =5, ---. About the 
elementary properties of SZ(n), some authors had studied it, and obtained some interesting 
results, see reference [3] and [4]. For example, Murthy [4] showed that if n is a prime, then 
SL(n) = S(n), where S(n) denotes the Smarandache function, i.e., S(n) = min{m: n|m!, me 
N}. Simultaneously, Murthy [4] also proposed the following problem: 


SL(n) = S(n), S(n) An? (1) 


Le Machua [5] completely solved this problem, and proved the following conclusion: 
Every positive integer n satisfying (1) can be expressed as 


n=12 or n=pf'ps?--- perp, 


where pj, P2, °*:, Pr, p are distinct primes, and aj, a2, ---, a, are positive integers satisfying 
p> D;, v=, 2, 8 Rigo ds 
Lv Zhongtian [6] obtained the asymptotic formula: 


nT x? By x? x? 
SL(n) = —-— Ole |, 


In reference [7], Professor Zhang Wenpeng asked us to study the asymptotic properties 
of S- In SL(n). About this problem, it seems that none had studied it, at least we have not 


n<ux 
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seen related papers before. The main purpose of this paper is using the elementary methods 
to study this problem, and obtain a sharper asymptotic formula for it. That is, we shall prove 
the following: 


Theorem 1. For any real number zx > 1, we have the asymptotic formula 


S- InSL(n)=alnr+O(a). 
n<x 
Using the same method of proving Theorem 1 we can also give a similar asymptotic formula 
for the F.Smarandache function S(n). That is, we have the following: 
Theorem 2. For any real number x > 1, we have 


> InS(n) =a2nz2+O(z), 


n<ux 


where S(n) denotes the Smarandache function. 


§2. Proof of the theorems 


To complete the proof of the theorems, we need the following two important Lemmas. 

Lemma 1. For any positive integer n > 1, let n = p{'ps?---p%* denotes the factorization 
of n into prime powers, if aj > 2,a2 > 2,---a,; > 2, then we call such an integer n as a 
square-full number. Let A2(a) denotes the number of all square-full integers not exceeding z, 


then we have the asymptotic formula 


_) a 
C2) 


1 
ur? 4 


x3 4 O (x exp (—Clog? w(loglogx)~*)) , (2) 


where C > 0 is a constant. 

Proof. See reference [8]. 

Lemma 2. Let p be a prime, k be any positive integer. Then for any real number x > 1, 
we have the asymptotic formula 


S- Inp=anzr+O(za). 
pk<a 
(p, k)=1 
Proof. From the several different forms of the Prime Theorem (See reference [2], [7] and 
[9]), we know that 


yy 2? = ne +01), 


k<au 2 
Xx 
rs 
and 7 ; 
np , 
» Pp O(c) 


where D be an positive constant. 
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Applying these asymptotic formulas, we have 


S 7 Inp a 1 


M 
a 
3 
I 


pk<a psa k<e 
(p, k)=1 (p, k)=1 
= mp (Z-4+00) 
2 Pp 
PLT 
l ] 
= oy 2-2 +0(Lmp 
psu e psa P psa 
= «lmnx+O(z). 


This proves Lemma 2. 
Now, we use these Lemmas to complete the proof of our theorems. Let U(n) = S- In SL(n). 


n<ax 


First, we estimate the upper bound of U(n). In fact, from the definition of F.Smarandache LCM 
function SL(n), we know that for any positive integer n, SE(n) < n and In SL(n) < Inn, so we 


y InSL(n) < a Inn. 


n<au n<a 


have 


Then from the Euler’s summation formula (see reference [2]), we may immediately deduce 
that 


U(n) < So inn=a2lnz—2+O(Inz) =2lnz+O(z). (3) 


n<x 


Now we estimate the lower bound of U(n). For any positive integer n > 1, let n = 
pips? +: ps be the factorization of n into prime power, we divide the interval [1, n] into two 
subsets A and B. A denotes the set of all integers in the interval [1, n] such that a; > 2 
(i=1, 2, ---, s). That is to say, A denotes the set of all square-full numbers in the interval 


[1, n]; B denotes the set of all integers n with n € [1, n] but n € A. Then we have 


U(n) = S> mM SL(n) + S~ In SL(n). 


neEA neB 


From Lemma 1 and the definition of A, we have 


S¢ In SL(n) < S Inns Si nc=hns > 1=Ina: Ao(xz) «K Vring. (4) 


n<ux n<x n<u n<x 
neA neA neA neA 
Now we estimate the summation in set B. Since SL(n) = max{p{', p5?, --- , pe} (see 


reference [4]), so for any n € B, there must exist a prime p such that p|n and p? } n. Therefore, 
from the definition of SZ(n) we have SL(np) > p. Using this estimate we may immediately 
deduce that 


SS" InSL(n) = S- In SL(np) > S- Inp. (5) 


n<ux np<x np<x 
neB (n, p)=1 (n, p)=1 
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Then from Lemma 2 and (5), we have 


S° In$L(n) > amet O(a). (6) 
neB 


Combining (3) and (6), we may immediately deduce the asymptotic formula 


S/n SL(n) =alnrz+O(a). 


n<ux 


This completes the proof of Theorem 1. 


Using the same method of proving Theorem 1, we can also prove Theorem 2. 
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